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1 Introduction

Exact solution of completely discrete linear equations has multiple out-
puts:

e Discovery of the exact structure of the solution of a non-stationary
numerical model

e Investigation of specific details of flows for optional (non-homogenous)
wind and temperature stratification

e Investigation of the influence of vertical discretization (variable Az)
on the quality of numerical models

e Investigation of the time step At size impact on the numerical
stability and precision of numerical schemes

e Testing of adiabatic cores of NWP models



2 Domain of integration
Geometry is plane: ps(x,y) — pg = const.

Orography (taken into account in boundary conditions but not in geom-
etry)

ho
is presented by 2D Agnesi profile h(x,y) = > 5
(ho — height, ay, a, -half-widths): L+ (2/a2) + (y/ay)
The reference state of the atmosphere is given  d 0 0
=5 T UMD 52

by wind-speed U (p) and temperature T'(p). The dt ~ ot
Lagrangian time-derivative is approximated as




3 Continuous linear equations

Linear form of White equations (White 1989, Rm 2001). Notation is
standard, except of ¢ which is the nonhydrostatic geopotential fluctua-

tion.

Reference state parameters:
p° Oy
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dt H? H? 0Op 7 H(p) _ RT(p)’
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du
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dt 0(p) = C_T(p) —pa—-
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dr 95 ’ (1) Vertical boundary conditions
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4 Vertical grid and difference operators

Vertical grid is the Arakawa C-grid. Fields ¢ , ug, pressure difference
Ap;. and non-dimensional height difference A(; are located on full levels.

Pressure pyy1/2, Tht1/2, Hit1/2, Opt1/2, Wiy1/2 and T,;+1/2 belong to
the half-levels.

Vertical discretization is originated by pjpy1/2. Non-dimensional height
Cht1 /2¢

—Cr41/2

Pk+1/2 = Phlev+1/2€ , Cht1/2 = IN(Pricvti1/2/Prr1/2)-

Full-level height and pressure:

~ Ck—1/2 + 12
B 2

Ck Sk,

y Pk = pkzlev—l—l/Qe_
height differences

ACk = Ce—1/2 — Cht1/2, Alkt1/2 = Ck — Crt1-



The vertical difference derivatives are

(8_¢> _ Ay (a_w> Ay
op ke pkACk’ op k+1/2 pk+1/2ACk+1/2.

5 Horizontal grid and difference operators

Zj}k — w(xivyjapkatn)v %M_l . — w(xz

1—lg, 7k _ UkAtayjapkatn—l)a
[, — UrAt  _ pon-dimensional displacement along x-axes during At.
k — Az )
n n—1
5 w 15,k wz’—lk,j,k En _ zgk + wz li, 7k
t%Yijk — At ) ijk 9
1 1
09 = Ar (¢i+1/2 - %‘—1/2) , Ojy1)2Y = Ar (Vir1 — i),
1

1
01 = A_y (¢j+1/2 — wj_1/2) , 0120 = A_y (Vj+1 — )
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6 Semi-Implicit, Semi-Lagrangian Equations

Equations (1) become in SISL presentation

n L p N p ——n
5twijk—|—1/2 = —R <ﬁ>k+1/2 T’ijk+1/2 o <H2Ac> bb1/2 Agpijk—l—l/Z )
5tu?_|_1/2,jk — _(55690)7;+1/2,jk + fﬂTyi+1/2,jk )
6tv’?j+1/2,k - _(5y¢>ij+1/2,kz B fﬁiﬁl/lk ’
/Mm 0 —n
011" jpy172 = | Wijk+1/2 > (2)
P/ ky1/2
Awn
V-u)y + Yk —o,
( ) 7k (pAC)k

0



'\n _ —Nn
5t<ps>ij,klev—i—1/2 + 5t(a>ij,klev—i—1/2 — wijklev—i—l/2'

7 Embedding into 3D Fourier space

In following, the discrete Fourier transformation is employed in the form

2N -1 2N—1 ;
qz;)fqmq kusfq 2NZfe”7q Janq—ﬁﬁ.

Orography in the 2D
Fourier basis is ai; = a(xi,y;) Z Giq elngitnly)

: mn mn n mn /I\n
Using  short wwk {kaﬂ/z, Wiik41/20 Wit1/25k> Vij+1/2k> Pijks (ps)ij}
notation

A eneral 1(77xi—|—773{j—dsr n)
presentition Vigk = Z¢ q e (3)
hold o

olds



where dg . are the non-dimensional frequencies.

8 Normal mode equations: (3) — (2) :

T - Rr(L A Ag
qrk+1/2%qr,k+1/2 — J2E kt1/2 qrk+1/2 HQAC E+1/2 Spqu—l—l/27

lyquuqu _i:ug@qu + FC]?“@Srlm lyquvqu _llur gpqu q*rﬂfjrk? <4>
- Ok+1/2 AWy,
iVS S _—As : L * A s _|_’u * A8 _|_ qr :0
qrk+1/2"qrk+1/2 Diet 112 qu:—l—l/2 [( q) qu: ( 7") quz] (pAC)k
1+ el 1+ elnr ela — 1 el — 1
— aiB a/y *’ a:z::—’ a/y:—’ iB:—’ y:—
/ q( r) q 9 r 9 Hq N Moy 1Ay
2 1
Vyrk = A7 taﬂb(?ﬁlk —dg.1)]-
s 0 2 1 x
Stationary case s = 0 : dqu =0 = Vop=Vy = A tan(inq lk).
~ 2
Non-stationary case s # 0 : dy,., = nglx—2dy,. = vg., =v,. = A tan(dy,.).



9 Wave equation for vertical velocity @;rk +1/9

. . ~S
From normal mode equations, the wave equation follows for Wyrkt1/2

(£w )qu—i—l/Q + )\qu—|—1/2wqu—|—1/2 O <5>
where ,
s o H2 2 ( qu—|—1/2) Nk—|—1/2
qrk+1/2 — k—|—1/2 qr |F ‘2 (VS )2 )
qr qrk+1/2
~ 8 L —
(Ew )qu+1/2 — Lqu+1/2Awqu+1 Lq lc—|—1/2A qrks
S —A 2 S Al /2
I+ Ukt o~ Alk+1/ - Rz eACk/
k+1/2 = ? k+1/2 = ?
arkl/ ;rk+1/2 ACk+1/28Ck+1 ket Vgrk+1/2 ACk+41/2A0Ck
2
78 (Vquz) ‘qu‘
qu —
qu:



10 Stationary solution

10.1 Main recurrence formula

Solutions of Eq. (5) are sought in the form

k
Xk+1/2 = X1/2 H Cy, X1/2 = L. (8)
§j=0

From (5), a nonlinear, two-point recurrence follows for growth factors

Ck
Licerjo(crrr = 1) + Ly jo(L/ck — 1) + Agyrp = 0. (9)

The initial value ¢(0), required to start this simple straightforward for-
mula, can be established, assuming the homogeneous layer in the top in
the free buoyancy-wave radiating state. The solution then presents

0 _
wqu+1/2 - CXk+1/27

where C is specified from boundary condition on the surface.
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10.2 Special case of homogeneous stratification

o TAC/2
Homogeneous atmosphere : Ay = A(y41/2 = AC, L2t+1/2 = W,
(VO )2 . N2
Homogeneous atmosphere : A\ . =\ = H?}? 4 .
g p qrk qr :uqr |Fq7°|2 B (Vgr)z
_ . k
Consequently Cr = C, Xk+1/2 = X1/2€"

where ¢ satisfies equation e 2/2(¢ — 1) 4+ e2%/2(¢71 — 1) + (AQ)?A = 0.

The solution of this equation is:

trapped wave, Q > 1: c=e>¢/? (Q + 1/ Q% — 1) :

: vV 1—Q?
free wave, |Q| < 1: ¢=elB¢/271880 A¢ — Arctan 0 @ 7

where

Q = Q4 = cosh(A(/2) (AC)* Ay,

1
2
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11 Non-stationary free waves

Assuming
S _ S
Vqu—l—l/Q = Vgrs

the Eq. (5) simplifies, as the coefficients L* become independent of the
frequency (and hence, of horizontal wave-numbers g, r):

L — p’f+1/2/pk:+1 _ e~ ACk+1/2
RAL2 T ACkr1/20G4+1 ACks1/20k4+1

- _ pk+1/2/pk: _ eRCn/2
REL2 0 ACey1200  Al1/2AG:

Quest quantities are the frequencies v, in A and the corresponding eigen-
functions. The solution presents as a combination of functions (8), found
from recurrence (9). The wanted frequencies are selected by the homo-
geneous bottom boundary condition.
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12 Examples: homogeneous stratification
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13 Examples: BW refraction on tropopause
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14 Examples: Hyperbolic reference wind pro-

file

erature and wind

@: u=10...40 m/s, y=0.0065 K/m, a, = 2 km, h = 0.2 km, xlev = 4096, zlev = 300, Ax = 0.4 km, Az =100 m
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15 Example: Testing NH HIRLAM

HIRLAM, V,: D(V,)=0.05m/s,a,=3km, h=100m, MLEV=100,dx=.55km,dt=30s,600 steps
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