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Abstract

To solve a horizontally spectral, vertically discrete buoyancy wave equation
in conditions of arbitrary wind and temperature distribution with height,
the solution factorization method is applied, which consists in presentation
of solution in the form of a cumulative product of complex decrease factors.
For decrease factors a nonlinear, inhomogeneous, two-member recurrence for-
mula follows, which is initiated, assuming the topmost discrete layer of the
atmosphere to be inviscid and homogeneously stratified, in which case the
initial decrease factor can be uniquely determined from radiative condition.
Singularities in the wave equation, corresponding to a critical layer in the
vicinity of evanescent wind, are eliminated by turbulent friction. Estima-
tion of minimal vertical resolution, enabling solution stability and accuracy,
is derived. The area of application of the developed numerical scheme is
high resolution, high precision modeling of orographic waves for arbitrary
orography in complex atmospheric stratification conditions. Solution can be
applied also for testing of adiabatic kernels of numerical weather prediction

models.



1 Introduction

When examining the models and methods used for buoyancy wave stud-
ies, two main groups may be disposed: (i) The linear analytical approach
(Queney 1948, Scorer 1949, Wurtele 1957, Crapper 1959, 1962, Jones 1967,
Berkshire 1975, Gjevik and Marthinsen 1978, Smith 1980, 1988, 1989a,b,
Janovich 1984, Phillips 1984, Sharman and Wurtele 1983, 2004, Broad 1995,
1999, Pinty et al 1995, Shutts 1995, 1998, 2003, Grubisi¢ and Smolarkiewicz
1997, Saito et al 1998, Room and Méannik 1999, Welch and Smolarkiewitz
2001, Broutman et al 2003, Méannik et al 2003, Polvani et al 2004); (ii)
Nonlinear, finite difference method (Long 1953, 1954, Drazin and More 1967,
Miles 1968a, b, Miles and Huppert 1969, Clark 1977, Klemp and Lilly 1978,
Durran and Klemp, 1983, Laprise and Peltier 1989, Wurtele et al 1987, 1996,
Xue and Thorpe 1991, Miranda and James 1992, Rottman et al 1996, Mi-
randa and Valente 1997, Nance and Durran 1997, 1998, Holton and Alexander
1999, R66m et al 2001, Teixeira and Miranda 2004, R66m et al 2006). Ad-
vantages of the linear analytical approach are the high spatial and temporal
resolution, a possibility to study the stationary and transient regimes in sep-
aration, and the existence of analytical means for stability etc. analysis. The
main disadvantage is the restriction to simplest (’analytical’) flow regimes
(like the linear shear or constant stability). Benefit of finite difference trend
lies in base-state generality, which supports realistic experimental conditions.

The main disadvantages are the moderate spatial resolution and inability to



treat the steady and transient regimes separately.

In this paper, a novel method for solution of linear buoyancy wave equation
is presented, which combines the best of both approaches, being linear and
(maximum possible) analytical, and at the same time, numerical, accepting
arbitrary vertical distributions of reference wind and temperature. The algo-
rithm proves effective and fast as it makes use of direct computation of the
decrease factors via a straightforward recurrence formula, whose initial value
is specified from the radiative condition at the top. The cumulative product
of decrease factors from bottom to top yields a solution for omega-velocity
with the precision of a constant factor, the value of which can be speci-
fied from bottom boundary condition. Thus, solution of wave equation will
take very little effort and the major computational time goes to preparation
of equation coefficients and summation of obtained orthogonal modes over
wave numbers to get the solution in ordinary physical coordinates. Also, the
numerical solution has clear physical content, as the modulus of a complex
decrease factor presents the actual decrease of the wave amplitude per single
layer of discrete model, whereas its argument is the phase angle increment

per layer.

As the model deals with variable winds, there a problem arises inevitably
with critical wave-vectors and critical levels, corresponding to singularities
in wave equation. This problem is solved in the current numerical approach
with inclusion of turbulent friction into forcing, yielding singularity removing,.

The use of turbulent viscosity for wave-equation regularization purpose was



proposed already by Lin (1955), Jones (1967), and Hazel (1967). However,
the theoretical estimates of maximum stable vertical grid-step will show,
that the requirements to high vertical resolution remain, especially in the
vicinity of critical levels. This is the point where the numerical efficiency of

the method becomes crucial, enabling application of sufficiently high spatial

resolution where appropriate.

Though there exist various 'ready’ wave equations, they do differ, depending
on the ’small’ details of initial dynamical model, like the used coordinate
frames etc, rather substantially in appearance. To avoid potential ambigu-
ities in initial definitions, we start with a short introduction of the wave
equation which is used in this investigation, from MPW model (a certain

non-hydrostatic, semi-elastic pressure-coordinate model, developed by Miller

1974, Miller and Pearce 1974, Miller and White 1984, and White 1989).



2 Continuous spectral wave equation

When using the non-dimensional log-pressure coordinate = In(po/p), = p=
poe”¢, ( po = 1000~ Pa is the mean sea-level pressure) instead of the common

pressure p, the linearised version (R6dm 1998) of the MPW model reads
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Dynamic fields are the omega-velocity w = Dp/Dt (with D/Dt as the ma-
terial derivative), temperature fluctuation T, nonhydrostatic geopotential
fluctuation ¢, and horizontal velocity fluctuation v. Reference (background)
state of the atmosphere is presented by stationary, horizontally homogeneous
wind vector U(¢) with U’ = dU/3¢, background temperature T°(¢), gas

constant of dry air R, and constant Coriolis parameter f = |f| where f is a

vertical vector. The scale height H and the stability parameter 6 are

_ RT(C) R T

H(()

~v = (¢) is the height-dependent kinematical turbulent viscosity coefficient.



Applying to dynamic fields Fourier presentation
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where amplitudes Ty, @y, Uy, Uk, P are functions of (, k is the wave-vector

and 14 is the corresponding eigen-frequency, system (1) transforms to spectral

normal-mode equations
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is the intrinsic frequency or eigen-frequency. Eigen-frequency is complex in

presence of turbulent viscosity, which will produce weakening of free orthog-

onal modes in time, or, in the case of stationary solution, down-stream and

upward weakening of wave amplitude in comparison with the friction-free

case.

It is straightforward to derive from (2) a single scalar equation for the spectral



amplitude of omega velocity (short notation w = @y is used in following)

T L L W (3)
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where coeflicients, which are functions of (, are as follows
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The bottom and top boundary conditions for this equation are
w(0) = ik-U(0)py(0), Clim |w|(po/p)** = Clim |wle$? = 0. (4)
—oc —oc

The first one presents free slip condition. The second, top boundary condi-
tion, used here, is more restrictive in comparison with the condition lim;_, |w| =
0, commonly applied in numerical models, yet the more correct one, providing

finiteness of kinetic energy, associated with vertical velocity w = —Hw/p.

In the case of uniform velocity U;,U;, =0, = p,7,8 =0, v = const,,

equation (3) simplifies to

N2_ 2
UJ”—F(A)I—{“AW:O, )\:kZHzf; (3/)

If, in addition, i, N are constants and the atmosphere is friction-free, v = 0,

then A is a real constant. In this particular case, the analytic solution of (3’),



satisfying top boundary condition in (4) and the wave group energy upward

propagation requirement (the radiative top condition, see Baines, 1995), is

e (A2HVIA=A)C N < 1/4
w= ’ (5)
e(—1/2+i\/)\—1/4 )C’ )\ > 1/4

If the atmosphere is topped by a homogeneous inviscid layer, solution (5)
holds there. This property we shall use to formulate the upper boundary

condition for discrete model.

3 Discrete spectral buoyancy-wave equation

Let us introduce a staggered vertical grid with full levels (;, and half levels

Cit1/2s
0="_Co <@ <o <Gt <Gy <G < Giyryz < oo < Cu < Carr1y2 < 00,

where M is the number of discrete layers. Layer are centered at (; and layer
boundaries are at levels (;+1/2. Discrete omega field is located on half-levels:

wit1/2, Whereas differences are located on full levels:
Aw; = Wit1/2 — Wi—1/2-

Auxiliary functions p, 7, a, 3, A are considered analytical functions of { and

thus, defined for each (;, (i11/2 analytically.
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The discrete approximation of (3) is
Lz+1/2Aw1+l L;+1/2sz +A¢ 121 /2Wit1 /2 = 0, (6)

with coefficients

A oy 1

+ i+1/2 i+1/2 . _
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where AG = Gii/2 — G172, AGi1/2 = Gy1 — G- The bottom and top

boundary conditions (4) become in the discrete case
w2 = ik-Uy api,1/2 Cligl |WM+1/2|GCM/2 < 0. (7)
M—0oC

The top condition here does not insist on exact zero at any finite top height
Car, as this would cause spurious wave reflections on the top, but requires
an asymptotic zero limit at M — oo. In more detail the content of this

condition will be opened below.

4 Solution factorization technique

Considering tentatively the ith layer homogeneous and friction-free, solution

in this layer presents in the exponential form (5), allowing to define the

10



decrease factor of w in the layer as

c; = Xt = M,

Wi—1/2
where y; is the (complex) phase shift in the layer of unit depth. The solution
can be presented on discrete half-levels as a cumulative product of decrease

factors _
Wit1/2 :W1/2H0j; j=1,2,..M, (8)
j=1

with w2, defined in (7). In the general non-homogeneous case, we will
seek solution in the same form (8), though the layers are not homogeneous
anymore (moreover, presentation (8) does not need such a restrictive precon-
dition but supports instead an assumption of continuous and differentiable

altering of reference atmosphere inside layers). Loading (8) into wave equa-

tion (6) yields a two-point, nonlinear, non-homogeneous recurrence for ¢;

L p(cinn = 1) + Ly p(1/es = 1) + A jphigay2 = 0. (9)

As it proves, the recurrence direction is an essential property here. Recur-
rence (9) is stable for course from top to bottom, in direction of decreasing
k and increasing w, and it proves unstable for opposite direction, if the top
condition in (7) is applied, as w is exponentially decreasing with height by
absolute value. For application of recurrence (9), one has to know the top

start value cp;. To get ¢y, it is advantageous to study the homogeneous

11



sub-case at first.

4.1 Special case of homogeneous inviscid atmosphere

Homogeneous stratification in a discrete model assumes both the homoge-

neous background state and homogeneous layering

U = const., T° N = const., AG = A2 = AC. (10)

In this case 8;11/2 = 0, while L= and A in (6) become height-independent

+ + LAC/2 2,2V 2
Li+1/2:L = ¢ 5 >\Z+1/2:)\:Hk}rf2
Considering the friction-free atmosphere, v = 0, and stationary solution

1) = 0, we will have v = k- U, i.e., A becomes a real constant. To the

homogeneous continuous solution (5), in the discrete, homogeneous, friction-

free model, index-independent decrease factors correspond

ci=c, (11)

resulting in reduction of general recurrence (9) to a quadratic equation for ¢,

identical for each 7th level:

A2 (e — 1) 4 &A% (¢! — 1) 4 (AC)A = 0.
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Solutions of this equation depend on the parameter
1 2
Q = cosh(A(/2) — §(AC) A (12)

There exists three regions: Q@ < —1, -1 < @ < 1, and Q > 1 with different
behavior of solution. For ¢ < — 1 the physically meaningful solution does
not exist. This indicates, that A( is chosen too large and should be reduced,
because limac—,0 @ = 1. Other two options describe the free and evanescent

(or trapped, when using Baines (1995) terminology) waves:

c= (13)
e_AC(l/z'i'q)v Q > 1 ,
where
V1-Q?
arctan , Q >0,
_IH(Q+\/Q2_1> é._ 1 Q (14)
7= AC  STACTY T/ @=0.
m— arctani”isz, Q@ <0.

Ql

The discrete solution (8) becomes in case of decrease factor (13)

el AL(-1/2+18). {1 Q <1,

w; =Wz - 15
AR {emcumq), 0>1. (19)

which presents the discrete approximation to the exact solution (5). If

Al << 1, (16)
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which presents the vertically high-resolution case, then

LA (1
QNH—T(Z—)\).

If, in addition,

A2<2 (i — A)‘ <<1, (17)

then

g—/1/4— ), E— VA—1/4,

and the discrete approximation (15) will merge to exact solution (5).

Due to exponential decay of solution (15) with height, the top boundary
condition (7) holds, indeed.

4.2 Recurrence initialization in non-homogenous case

We can always assume, that there is a homogeneous, inviscid layer in the top
with stratification parameters, corresponding to the topmost discrete layer

with index j = M:

AC=Aly, U=Uy, T°=T% — X=X

14



The starting value cj; of the decrease factor in recurrence (9) can be chosen
then as the decrease factor of this homogeneous top layer

ey =c  from (13), (14) .

3

4.3 Requirements to vertical resolution

In the high vertical resolution case (16), the decrease factors ¢; are supposed
to be, and LT are, close to unit by ahsolute value, yielding a constriction to

the free term in (9)

A<i2+1/2|>\i+1/2| << ] (18)

(rather close to the condition (17)). In the case of inviscid atmosphere, A;11/2
can become infinite for critical wave-vectors k* (specific for each level 7), for
which 7 — f? = (k*- U;)* — f? = 0, yielding A{;41/2 — 0 in (18). Due to
discrete nature, the wave-vectors are not (except the case of the special choice
of U;) strictly critical, but a lot of them can be nearly critical, (k* - U;)% — f2
~ 0, which would cause very large A and unfeasibly small A{. Especially
sizable for numerical solution accuracy are levels with evanescent wind U
— 0, as the corresponding critical wave-vectors are located in the maximum
area of spectral amplitudes. The levels near the evanescent wind U; — O are
called therefore as the critical layer. As numerical experimentation shows,
critical layer forms at levels where |U;| < 1 - 1.5 m/s . In the case of

inviscid atmosphere, it is impossible to satisfy (18) for any computationally

15



considerable size of A( in the critical layer. Fortunately, introduction even
of a rather moderate turbulent friction would regularize A, as v? — f2? =

(k- U; +ivk*)? — f? can’t become zero nowhere anymore.

Using in the vicinity of critical wave-vectors an approximation A ~ k2 H*N? /(12—

%), (18) gives

1 Vi2+1/2_f2|

VIdisie]  EHiviaNiay2 .

A2 <

Minimization of the square-root here with respect to k - U,

MIN_ 50 <k U<oc 4 /|Vi2+1/2 — f?| = k\/2vi41/2f, provides an estimation for max-

imum vertical grid-step

V2 Yiv1y2 (19)

ACZ < s
T H o N1

which is independent of horizontal wave-vector k and thus, presents an
‘global” estimate, enabling accurate solution for all horizontal spectral modes.

It is convenient to present the diffusion coeflicient as

Yirrjz = Voy/aNigr202% /2 (20)

Nondimensional parameter %QH /2 has simple sense: 1 /’)/Z(.)Jrl /2 18 the e-fold
decrease period in units 1/N for the highest horizontally resolved gravity

wave mode with scale ~ Az. In the discrete case, Az is the horizontal

16



grid-step; in the horizontally continuous formalism, Ax can be estimated as

the internal spatial scale of orography. From (19) and (20) we get finally

Az
Aliy1/2 < Hi\/fy?+1/2f/Ni+1/2- (21)
ir1/2

As an instant, Az = HA( < 10 m for Az = 1 km, +° = 1072, f/N =
102, This vertical resolution limit decreases to 1 m for the ten times higher

horizontal resolution Az = 100 m.

Condition (21) should not be interpreted as an exact upper limit, but rather
as a rough estimation of possible realistic vertical resolution, which are ex-
pected to provide required solution accuracy. The actual vertical resolution,
though based on estimation (21), must be established experimentally in ev-
ery particular case. As an example, in the horizontally one-dimensional flow
experiments with critical layers, the vertical grid-step has to be taken up
to ten times smaller of estimation (21) inside of a critical layer and can be
chosen several times larger of (21) far away of such layer. In many cases wih
large by absolute value wind and moderate horizontal resolution (Az > 1
km), no friction is required at all (though the friction inclusion is actually

not prohibited but rather wanted as bringing model closer to reality).
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5 Modeling examples

In following examples, horizontally discrete Fourier transform is applied to

orography, which is presented by the *witch of Agnesi’ profile

ho

G N P Y P (T TP

where the maximum height hg, center coordinates zg,y,, and half-widths
in directions of coordinate axes a,,a, are constant parameters. The spec-
tral wave equation is solved using the above-described solution-factorization
approach, and the result is then inverted back to physical space. Vertical

velocity w — - Hw/p is shown in all examples.

Figure 1 presents the wave pattern of w for one-dimensional Agnesi ridge with
ho = 100 m, a, = 2 km, a, = co. Reference temperature T°(p) presents a cli-
matological profile (280 K on surface, laps rate 6.5 K/km in the troposphere,
and constant 202 K in the stratosphere). The unidirectional wind equals U,
= 12 m/s on the surface, has shear 0.25 m/s/km in the troposphere, and
becomes constant U, = 15 m/s in the stratosphere. The tropopause height
is 12 km. Horizontal resolution is Ax = 500 m, grid-size in x-direction is
2048 points. Vertical resolution is chosen Az = 100 m, (A =~ 0.01), and
M — 300 levels, while the atmosphere is inviscid with v° = 0 on all levels.
Control experiment shows, that vertical resolution increase and introduction

of weak (7" = 0.01) viscosity does not alter modeling results. However, more
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strong friction with 4° = 0.05 would dump the wave-field moderately.

Though the buoyancy wave reflection on the tropopause and tropospheric
wave-guide formation has theoretically proved some time ago (Eliassen 1968)
there has been few numerical experimentation, showing the details of the pro-
cess. As seen in Fig. 1. already a rather moderate tropospheric wind shear
will cause substantial wave reflection on the tropopause and wave train cre-
ation (As it proves, existence of thermal tropopause alone, without positive
wind shear in the troposphere, is insufficient for wave-guide formation). The
wave train will increase in length with the wind shear increase and can reach
several thousands kilometers (depending on the turbulent friction intensity)
in length. The current example presents special interest by the wave-train
wiggling, which is observable at weak shear and would disappear with shear

strengthening.

Fig. 2. presents a flow over Agnesi ridge with Aq = 100 m, a, = 3 km, a, =
oc and with the same temperature profile as in the previous case. However,
the wind is backing with height in this model, having value 10 ms~! on the
surface and decreasing with height linearly. It becomes zero on 5 km (Fig.
2a) and 2. 5 km (Fig. 2b) levels, which perform central heights of respective
critical layers, and retards with height further to constant value -2.0 ms=!
on 5.5 and 3 km heights, approximately. Horizontal resolution is 500 m, the
number of horizontal grid-points is 256. Vertical grid-step decreases linearly

with height from Az = 100 m on the surface to Az = 5 m on the wind

reversal level, in the case of Fig. 2a, and from Az — 50 m on the surface to
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Az = 10 m, in the case of Fig. 2b. Above these levels, the vertical grid-step
is kept constant, i.e., 5 and 10 m, respectively. The number of vertical levels

M = 240, turbulent viscosity v° = 0.05.

The main aim of these examples is to demonstrate the requirements to en-
hanced resolution in vicinity of critical layer. The coincidence with earlier
reported results (Miranda and Valente 1997, Grubisi¢ and Smolarkiewicz
1997, Shen and Lin 1999, Shutts and Gadian 1999), is excellent, demonstrat-
ing complete absorption of scattered from orography waves in the critical

layer.

Fig. 3. shows horizontal cross-sections of w at different heights for a wind,
sheared both by amplitude and direction, blowing over a circular hill with
ho = 300 m, a, = a, — 3 km. Horizontal resolution is Az = A, = 1.1 km,
horizontal grid consists of 256x256 points. The model has 300 levels with
constant resolution Az — 50 m in vertical. The turbulent viscosity v° —
0.05. The reference atmosphere is isothermal with 7° — 280 K. The wind
amplitude is a hyperbolic function of height with maximum 40 m/s at z =

15 km, while wind direction rotates uniformly with the height:

Uy = U(2)cos(mz/ zpes) Zrew = 12km,

3 3

w, = U(2)sin(r2/20e0)

U(z) = Us+Ug <1 — ) ‘ , Us=10m/s, Uy =120m/s, Zmae = 30km.

Zmaz Zmaz

Solution is insensible to vertical resolution doubling, which means, that con-

stant resolution Az — 50 m is sufficient here. However, the decrease of 7° to

20



0.01 forces a complementary vertical grid-step decrease to Az = 20 m.

The qualitative coincidence of the present example with former analytical
(Shutts 1998, 2003) and numerical (Grubisi¢ and Smolarkiewicz 1997) results
is excellent, though a quantitative comparison is not available in analytical
case, as models with such a wind complexity are not solved analytically yet.
The typical feature of this kind of flow regimes with uniform directional wind

shear is the complete buoyancy wave absorption to the wind reversal height

z'r’ev-

6 Conclusions

The described solution factorization method presents adequate, simple and
fast for orographic wave modeling in the case of rather sophisticated flow
regimes both in spatially two- and three dimensional cases. Experiments
with realistic height-dependent temperature, including the tropopause, and
optional sheared winds are attainable. Rather large modeling domains in
association with high horizontal and vertical resolutions can be used, which
makes high-resolution modeling of extended wave-fields possible. As an ex-
ample, in horizontally one-dimensional case, horizontal domain of 5000 km
lengths with 500 m horizontal resolution and 1000 levels in vertical with 10

m vertical resolution would be ordinary computational task for a PC.

The requirement for vertical resolution (21) holds good, if the reference wind

does not become evanescent on some height. As numerical experimentation
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shows, for large by absolute value winds (U = 10 m/s can be considered
'large’) and for moderate horizontal resolutions (Az > 1 km), the inviscid
atmospheric model can even be used without loss of stability and accuracy.
However, wind evanescence on some level, associated with formation of a
critical layer around that height, will require quite high vertical resolutions
(up to Az ~ 1 m at horizontal resolutions Az ~ 100 m), in the vicinity and
inside of the critical layer, outmatching resolution condition (21) about 5 to
10 times. The extremely high requirement for resolution turns modeling of

critical layer events to a most expensive and resource-demanding computa-

tional tasks.

The area of application of the developed numerical solution is high resolu-
tion, high precision modeling of orographic waves for arbitrary orography
in complex atmospheric stratification conditions. The model can be applied
also as a test-tool for numerical accuracy checking of adiabatic kernels of the

nonlinear nonhydrostatic NWP models.
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Figure Captions

Fig. 1 Vertical velocity waves in the case of Agnesi ridge with 100 m
height and 2 km half-width for constant temperature laps rate 6.5 K/km
and constant unidirectional wind shear 0.25 ms~'km™! in the troposphere.
Tropopause height is 12 km. Interval between isotachs Aw = 0.1 ms™! .

Fig. 2 Vertical cross-section of the vertical wind for flow over Agnesi
ridge with A = 100 m, a, = 2 km. The surface wind is 10 m/s, wind is
unidirectional, backing with height evenly and reaching zero on the critical
height z., = 5 km (a) and 2.5 km (b). Interval between isotachs Aw = 0.05

ms‘l .

Fig. 3 Horizontal cross-section of vertical wind at heights (a) 1 km, (b)
4 km, (¢) 7 km and (d) 9 km. Circular hill with 300 m height and 3 km
half-width is located at x — y — 100 km. Atmosphere is isothermal with T°
= 280 K. Reference wind profile |U| is hyperbolic, with minimum value 10
m/s at surface and maximum value 40 m/s at z = 15 km. Wind, blowing
on surface to east (along x-axis), turns with height evenly counterclockwise,
changing direction to opposite on the height z = 12 km. Isotachs are drawn

with 0.2 m/s interval.
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Fig. 1 Vertical velocity waves in the case of Agnesi ridge with 100 m
height and 2 km half-width for constant temperature laps rate 6.5 K/km
and constant unidirectional wind shear 0.25 ms~'km™! in the troposphere.

Tropopause height is 12 km. Interval between isotachs Aw = 0.1 ms™! .
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Fig. 2 Vertical cross-section of the vertical wind for flow over Agnesi
ridge with A = 100 m, a, = 2 km. The surface wind is 10 m/s, wind is
unidirectional, backing with height evenly and reaching zero on the critical
height z., = 5 km (a) and 2.5 km (b). Interval between isotachs Aw = 0.05

ms‘l .
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Fig. 3 Horizontal cross-section of vertical wind at heights (a) 1 km, (b)
4 km, (¢) 7 km and (d) 9 km. Circular hill with 300 m height and 3 km
half-width is located at x — y — 100 km. Atmosphere is isothermal with T°
= 280 K. Reference wind profile |U| is hyperbolic, with minimum value 10
m/s at surface and maximum value 40 m/s at z = 15 km. Wind, blowing
on surface to east (along x-axis), turns with height evenly counterclockwise,
changing direction to opposite on the height z = 12 km. Isotachs are drawn

with 0.2 m/s interval.

33



